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Abstract 

We present a new classification of Clifford algebra elements. Our 
classification is based on the notion of quaternion type. Using this 
classification we develop a method of analysis of commutators and 
anticommutators of Clifford algebra elements. This method allows us 
to find out and prove a number of new properties of Clifford algebra 
elements. 
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In this paper we present a new classification of Clifford algebra elements, 
which is based on the notion of quaternion type. Using this classification 
we develop a method of analysis of commutators and anticommutators of 
Clifford algebra elements. This method allows us to find out and prove a 
number of new properties of Clifford algebra elements (the main properties 
are (TTOl) . (TTTTl ). In this paper we develop some results of [2] and [3]. 



1 Algebras of quaternion type 

Let A be an n-dimensional algebra over the field of complex or real num- 
bers. And let algebra A, considered as an n-dimensional vector space, be 
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represented in the form of the direct sum of four vector subspaces 

.4 = E©I©J©K. (1) 

For the elements of these subspaces we use the following designations 

e i Eei 

AeE, Bel, cgE©i, ... 

An algebra A is called the algebra of quaternion type with respect to an 
operation o : A x A — > A, if for all elements of considered subspaces the 
following properties are fulfilled: 
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The operation o unessentially should be associative or commutative. This 
can be seen from the example considered in the following section, where we 
use the commutator [■ , •] as the operation o. 

Elementary examples. Consider the algebra of quaternions H. The alge- 
bra of quaternions is an associative algebra with the identity element 1. The 
elements of EI (quaternions) can be written in the form 

q = a + hi + cj + dk, 

where a,b, c, d e R and for imaginary units z, j, k the following properties are 
valid: 

i 2 = f = e = -i, 

ij = ~ji = k, 
jk = -kj = i, 
ki = —ik = j. 

The algebra EI is considered as the 4-dimensional vector space that is rep- 
resented in the form of direct sum of four 1-dimensional vector subspaces 
EI = E©I©J©X, span over basis elements 1, i, j, k. Conditions ([2]) are 
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carried out if we use as the operation o the usual operation of multiplica- 
tion of quaternions. Therefore, the algebra of quaternions is an algebra of 
quaternion type with respect to the operation of multiplication. 

Another example of algebra of quaternion type is the algebra (set) of 
smooth complex valued functions of one real variable x. For these functions 
we have multiplication by complex numbers, operations of addition and mul- 
tiplication (pointwise on x). We can represented any function / in the form 
of the sum of four functions gi,hi,g 2 , h 2 with different properties of evenness 
and a complex accessory: 

f(x) = h{x) + f 2 (x) = ( gi (x) + hix)) + (g 2 (x) + h 2 (x)), 

where 

h{x) = l -{j{x) +J(x)), f 2 {x) = l -{f{x) -7(s)), 
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Let E, I, J, K be subspaces of all possible functions of the following kinds 
gi{x), hi (x), g 2 (x), h 2 (x). For the considered functions the conditions (EJ) are 
carried out, so we can consider the space of functions / as the algebra of 
quaternion type with respect to the operation of multiplication. 

In particular, it is possible to consider finite or infinite complex power 
series of real x: 

oo oo oo oo oo 

^(a k + ib k )x k = J2 a MX 2k + ^ib 2k x 2k + ^a 2k+1 x 2k+l + J2ib 2k+1 x 2k+1 = 

k=0 k=0 k=0 k=0 k=0 

E I I K 

=A + B + C + D . 

Also we can consider analogous sums from — oo to oo (we don't consider 
questions of convergence here). 
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It follows from (j2J) that any algebra of quaternion type A has the following 
subspaces closed with respect to the operation o: 

E, Eel, E©J, E©K. 

Consider elements of algebra A from different subspaces 

E, I, J, K, Eel, E©J, E©K, I © J, IeK, J © K, (3) 
E©I©J, E©I©K, E©J©K, IffiJ©K, E©I©J©K = A 

We say that these elements have different quaternion types (or types). 

Elements of subspaces E, I, J, K are called elements of main quaternion 
types. Elements of other types are the sums of elements of main quaternion 
types. 

In what follows we omit the sign of direct sum ©. So EI = Eel, OIK = 
I© J©K, etc. 

Let's note embeddings of different subspaces (for example, E C EI C 
EIK C EIJJK). The zero element of algebra A belongs to any quaternion 
type. 

Consider products Ao B of elements of algebra A of different quaternion 
types. We interested in quaternion types of these products. The following 
table shows these types: 
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This table illustrates the main properties (j2j) and also, for example, fol- 
lowing correspondences: 



EI EI JK JK EI JK IK EI 

UV, U VE EI, UV, U VE JK, 

EJ EJ IK IK EJJ IK IK EJ 

UV, UVE EJ, UV, UVE IK, (4) 

EK EK IJ IJ EK U U EK 

U V, UVe EK, [7 V, U Ve IX 

Let's note that quaternion typification does not present anything essen- 
tially new for the considered examples. But if we look at the Clifford algebra 
Ci(p, q) from the point of view of quaternion typification, then it is possible 
to receive substantial and unexpected results as we see in what follows. 



2 Quaternion typification of Clifford algebra el- 
ements 

Let p, q be nonnegative integer numbers and p + q = n, n> 1. Consider the 
real Clifford algebra Ci? K (p, q) or the complex Clifford algebra CE c (p, q). In the 
case when results are true for both cases, we write Ci(p, q). The construction 
of Clifford algebra C£(p,q) is discussed in details in pQ or [2]. Let e be the 
identity element and let e a , a = 1, . . . , n be generators of the Clifford algebra 

a{ P ,q), 

e a e b + e b e a = Irfe, 

where r\ = \\i] ab \ \ is the diagonal matrix with p pieces of +1 and q pieces of 
— 1 on the diagonal. Elements 

e ai...a k = e ax _ ^ ^ ttl < . . . < tt k , k = 1, . . . ,U, 

together with the identity element e, form the basis of the Clifford algebra. 
The number of basis elements is equal to 2 n . 

We denote by Qtkip, q) the vector spaces that span over the basis elements 
e ai...a fc Elements of Cikip, l) are said to be elements of rank k. Sometimes we 

k k 

denote elements of rank k by W, V, ■ ■ ■ We have the following classification 
of Clifford algebra elements based on the notion of rank: 

a(p,q)=® n k=o a k (p,q). (5) 
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So, any Clifford algebra element is an element of some rank or a sum of 
elements of different ranks: 

h\ k,2 km 

U =U + U + ...+ U, < h < ... < k m < n. (6) 

Also we have classification of Clifford algebra elements based on the notion 
of evenness: 

a(p, q) = a even ( P , q) © a odd ( P , q ), (7) 

where 

a 

even (p, q) = a {p, q) © a 2 (p, q) © G? 4 (p, q) © • • • 
C£ odd (p, q) = ^(p, q) © a 3 (p, q) © C£ 5 (p, q) © . . . 

Any Clifford algebra element is an even element, an odd element or a sum 
of even and odd elements. 

Denote by [U,V] the commutator and by {U, V} the anticommutator of 
Clifford algebra elements 

[U, V] = UV - VU, {U, V} — uv + vu 

and note that 

UV= 1 -[U,V]+ 1 -{U,V}. (8) 



Let us consider the Clifford algebra as the vector space and represent it 
in the form of the direct sum of four subspaces: 

a( P , q ) = a^p, q ) © a T ( P , q ) © q ) © c%( P , q ), (9) 

where 



ao(p,q) = a (p,q)®a^p,q)®a 8 (p,q)® 
a T {p,q) = a i (p,q)®a 5 (p,q)®a 9 (p,q)®..., 

a^q) = a 2 (p, q )®a 6 (p,q)®a w (p,q)®..., 
a^p, q ) = a 3 (p, q )®a 7 (p,q)®a u (p,q)®... 

and in the right hand parts there are direct sums of subspaces with dimen- 
sions differ on 4. We suppose that Cik(p, q) = for k > p + q. 
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If UE C£-£(p, q), then we may write 

k k fc+4 k+8 

U=U + U + U + ..., k — 0,1,2,3. 

Note that the Clifford algebra C£{p, q) with Clifford product doesn't form 
an algebra of quaternion type. However, we have the following theorem. 

Theorem 1. a) The Clifford algebra Ci(p,q) is an algebra of quaternion 
type with respect to the operation U, V — > {U, V}. In designations of the 
previous section we have 

E = B (p,q), I = a T ( P ,q), l = a^[p,q), K — q) . 

b) The Clifford algebra C£(p, q) is an algebra of quaternion type with respect 
to the operation U, V — > [U, V] . We have 

E = a^p,q), I = a 1 (p,q), 3 = (Xo(p,q), K = a T (p,q) . 

Remark. Statements of the theorem are equivalent to the following 
properties: 

for any two Clifford algebra elements U, V from given subspaces there 
exists Clifford algebra element W such that 

[U,V]=W, k = 0,1, 2, 3; 

~k 2 ~k 

[U,V]=W, k = 0,1, 2, 3; 

0T 3 03 T T3 

[U, V] =W, [U, V] =W, [U, V] =W, 



{U,V}=VV, k = 0,1,2,3; 

~k ~k 

{U,V}=W, k = 0,1,2,3; 

12 3 T 3 2 23 T 

{u,v}=w, {u,v}=w, {u,v}=w. 

These formulas allowed us to define subspaces of Clifford algebra commu- 
tators and anticommutators. 
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Let's write down these properties in the other notation: 



[P]C2, k — 0, 1,2,3; 

pt,2]Ck, fc = 0,1,2,3; (10) 
[0,1] C 3, [0,3] CT, [1,3] CO, 



ftfcJCO, A; = 0,1, 2, 3; 

{fc,0}Ck, k = 0,1, 2, 3; (11) 
{1,2} C 3, {1,3} C 2, {2,3}CT, 

_ k _ 

where we denote Ci^(p, q) by k and any element f/G Ci^(p, q) by fc. Note 
that the first and the second k in [k, k] (or {k, k}) are two different Clifford 
algebra elements from the same subspace k. 

Proof. To prove these statements we use results of the paper [3] (theorems 
1 and 2). Namely, for n > k > I we have 



k— I k— 1+4 

tt T ri _ J W + + ■ ■ ■ j if & - even, / - odd; 

k-l+2 k-l+6 

W + W + • • • , other cases, 



[u,v] 



k I 

{u,v} 



k-l+2 k-l+6 

W + W + . . . , if k - even, / - odd; 

k-l k-l+4 

W + W + • • • , other cases, 



where the series are finite (but now it does not matter for us). 

Let's write down some special cases of these formulas for natural t > s > 



0. 



it 4s 1+4* l+4s 2+U 2+4s 3+4t 3+4s 4(*-s)+2 4(t-s)+6 
[U,V] = [ U , V ] = [ U , V ] = [ U , V } = W + W + 

1+4* 4s 3+4i 2+4s 4(*-s)+3 4(t-s)+7 

[u ,v] — [ U , V ]— w + w +..., 

2+4t 4s 3+4t l+4s 4(*-s)+4 4(t-s)+8 

[ U , V] = [ U , V ] = W + w +..., 

3+4t 4s 4(t-s)+5 4(t-s)+9 

[ U , V] = w + w +..., 



8 



2+4* l+4s 4(t-s)+l 4(t-s)+5 

[ U , V ] = w + w +..., 



4t 4s l+4t l+4s 2+4* 2+4s 3+4* 3+4s 4(t-s) 4(t-s)+4 

{^,y} = {[/,y} = {[/,y} = {^,\/}=vi/+ W + 

l+4t 4s 3+4* 2+4s 4(t-s)+l 4(t-s)+5 

{£/,v} = {c/,v} = w + w +..., 

2+4* 4s 3+4* l+4s 4(*-s)+2 4(*-s)+6 

{u,v} = {u,v}= w + w +..., 

3+4* 4s 2+4* l+4s 4(t-s)+3 4(t-s)+7 

{u,v} = {u,v}= w + w +... 

And for natural s > t > we have 

At 4s l+4t l+4s 2+4* 2+4s 3+4* 3+4s 4(s-t)+2 4(s-t)+6 

[U,V] = [ U , V ] = [ U , V ] = [ U , V ] = W + W +■ 

1+4* 4s 3+4t 2+4s 4(s-*)-l 4(s-*)+3 

[ c/ , y] = [ £/ , y ] = w + w +..., 

2+4* 4s 3+4* l+4s 4(s-*) 4(s-t)+4 

[U ,V] = [U , V ] = w + w +..., 

3+4t 4s 4(s-*)-3 4(s-t)+l 

[ 17 , V] = W + W +..., 

2+4* l+4s 4(s-t)+l 4(s-*)+5 

[ U , V ] = w + w +..., 



4t 4s 1+4* l+4s 2+4* 2+4s 3+4* 3+4s 4(s-t) 4(s-t)+4 

{U,V} = { U , V } = { U , V } = { U , V } = w + w + 

1+4* 4s 3+4* 2+4s 4(s-*)+l 4(s-*)+5 

{u,v} = {u,v}= w + w +..., 

2+4* 4s 3+4* l+4s 4(s-*)-2 4(s-*)+2 

{u,v} = {u,v}= w + w +..., 

3+4* 4s 2+4* l+4s 4(s-*)-l 4(s-*)+3 

{U,V} = {U,V}= W + W +••• 
From these formulas we get the statements of the theorem. ■ 

We use the following notations: 

C%(p, q) = 0%(p, q) © C£j(p, q), 0<k<l<3. 
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Gfefo <?) = %(p> ?) © a iiv, q) © <Mp, q), 0<k<l<m<3. 

Id 

HUeC£u(p,q), then 

kl k 1 k I k+A 1+4 

U=U + U= (U + U) + (U + U ) + ..., 0<k<l<3. 
Consider elements of the Clifford algebra C£(p, q) from different subspaces 
(%o(p,q), Cij{p,q), (%dp,q), Ci^(p,q), a w (p,q), Ci m (p,q), 

&m(p>o), Ciu(p,q), &ts(p>q)i CZm(p,q)i flfe(p>«), ( 12 ) 

&m (P. q) > ^023 (P; > <^T23 (P, ?) , ^0123 (P, ?) = ^(P) ?) ■ 

Then we say that these elements have different quaternion types (or types). 

Elements of subspaces G?o(p, <?), (%j{p,q), 0^{P->q)i ^3~(P> are called eZ- 
ements of main quaternion types. Elements of other types are represented 
in the form of sums of elements of main quaternion types. Suppose that the 
zero element of the Clifford algebra Ci(p, q) belongs to any quaternion type. 

The classification of Clifford algebra Ci(p, q) elements (for all integer non- 
negative numbers p + q = n) on 15 quaternion types (Tl2|) and use statements 
of Theorem 1 for calculations of quaternion types of commutators and an- 
ticommutators of Clifford algebra elements is the essence of the method of 
quaternion typification of Clifford algebra elements. 

There are two well-known classifications of Clifford algebra elements: clas- 
sification based on the notion of rank (jSJ) and classification based on the 
notion of evenness ([7j). Often we consider expressions of Clifford algebra ele- 
ments and we are interested in rank of these expressions. We can consider the 
same question based on the notion of quaternion type and receive substan- 
tial results. In some questions the classification of Clifford algebra elements 
based on the notion of quaternion type is more suitable than the classifica- 
tion based on the notion of rank for Clifford algebras of dimensions n > 4. 
Formulas ffTOl) and (TTTT) allowed us to define quaternion type of commutators 
and anticommutators of Clifford algebra elements of given quaternion types. 

For example, for Clifford algebra of dimension n = 4 we have the following 
two equivalent expressions: 

[U,V]ea 2 (p,q), n = A; 
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[U,V] eCZ?(p,q), n = A. 
But for n = 20 the following two expressions represent the same property: 

2 2 6 6 10 10 2 6 6 2 2 10 10 2 6 10 

[u,v], [u,v], [u,v], [u,v], [u,v], [u,v], [u,v], [u,v], 

10 6 

[U, V] e C£ 2 {p, q) © a 6 (p, q) © a w (p, q) © a u (p, q) © a i8 (p, q), n = 20; 

[U,V]ea^{p,q), n = 20. 

So, for n > 4 the classification based on the notion of type is more suitable, 
but it is rougher than the classification based on the notion of rank. The 
classification based on the notion of evenness is the most roughest among 
these three classifications. 

Let's represent results of Theorem 1 in the form of tables, which dis- 
play action of commutators and anticommutators on elements of the Clif- 
ford algebra of different quaternion types. By A denote the Clifford algebra 
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These tables illustrate the main properties ( fTOl) . ( fTTl) and also, for exam- 
ple, following correspondences: 



[01,01], [23,23] C 23, [0T,23], [23, OT] C 01 

p,02], [13,13] C 02, [02,13], [13,02] C T3 (13) 

p,03], [12,12] C 12, [03,12], [12,03] C 03, 

{0T, 0T} , {23 , 23} C 01, {0T, 23} , { 23 , 0l} C 23 

{02,02}, {13,13} C 02, {02,13}, {13,02} C 13 (14) 

{03, 03} , {12, 12} C 03 , {03 , 12} , {12 , 03} C 12. 

Using ((SJ) we get the table for products of two Clifford algebra elements 
of different types: 



12 





o 


1 


2 


3 


01 


02 


03 


12 


13 


23 


012 


013 


023 


123 A 





02 


13 


02 


13 


A 


02 


A 


A 


13 


A 


A 


A 


A 


A 


A 


T 


13 


02 


13 


02 


A 


13 


A 


A 


02 


A 


A 


A 


A 


A 


A 


2 


02 


13 


02 


13 


A 


02 


A 


A 


13 


A 


A 


A 


A 


A 


A 


3 


13 


02 


13 


02 


A 


13 


A 


A 


02 


A 


A 


A 


A 


A 


A 


01 


A 


.4 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


02 


02 


13 


02 


13 


A 


02 


A 


A 


13 


A 


A 


A 


A 


A 


A 


AO 

03 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


12 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


13 


13 


02 


13 


02 


A 


13 


A 


A 


02 


A 


A 


A 


A 


A 


A 


23 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


012 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


013 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


023 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


123 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 


A 



Note that all considerations in this section are valid for the Clifford alge- 
bras Ci(p, q) of all dimensions n = p + q. But we get meaningful results only 
for n > 4, since for n < 4 the concept of quaternion type coincides with the 
concept of rank 

k k 

U=U, k = 0,l,...n, n<4. 

For n = 4we have: 

00 4 Tl 2 2 33 

U=U + U, U=U, U=U, U=U ■ 

Conclusion. In this paper we present a new classification of Clifford algebra 
elements, based on the notion of quaternion type. In many cases this classi- 
fication is more suitable than the classification of Clifford algebra elements 
based on the notion of rank or classification based on the notion of even- 
ness (J71). New classification allows us to prove new properties and generalize 
results which are true only for small dimensions of Clifford algebras. We 
present these results in the following papers. 

The following Lie groups and Lie algebras - unitary, orthogonal, pseudo- 
orthogonal, symplectic, spinor - are widely used in mathematical and theo- 
retical physics. The method of quaternion typification is used in the analysis 



13 



of these groups and algebras. For example, in [3] we give a classification 
of subalgebras of Lie algebras of pseudo-unitary groups on the basis of the 
method of quaternion typification. 
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